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Abstract
The “Epidemic Type Aftershock Sequence” (ETAS) Model is a point process model

used in seismology. It models mainshock-aftershock sequences like an epidemic
where an infected individual passes the disease onto others (direct offspring or 1st
generation), who in turn pass it on further (2nd and subsequent generations). Given
certain conditions, the aftershock sequence, or epidemic, will eventually die out.

We attempt to fit a sequence of spatial ETAS models, from very simple to more
complex, to determine the relative importance of the various model components.
Each are fitted to a large region that includes all of the most seismically active areas
in New Zealand. It is shown that some values of the estimated ETAS parameters, in
particular the Omori decay p, depend on the assumed spatial density function of the
background process.

We also evaluate the efficacy of the model by examining how well it describes many
of the major mainshock-aftershock sequences occurring since 1965 that are
contained within the NZ Catalogue.

1 Introduction to Dataset

Data have been extracted from the New Zealand Catalogue
Spatial Boundaries: 164°E — 182°E and 35°S — 48°S

Time Boundaries: 1 January 1965 and 31 December 2010 (inclusive)
i.e. 46 years or 552 months or 16801 days

Magnitude Boundary: > 4.0
Total Events: 17379

Initially consider all events regardless of depth

Epicentres of Shallow Events (Depth < 40km)
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Epicentres of Deep Events (Depth > 40km) Histogram of Event Depth (Depth < 350km)
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Histogram of Event Depth (Depth < 40km)

Shallow Events
In subsequent plots and analyses we restrict event depth to < 40km ER
Total Shallow Events: 8954 “»‘
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logo(Proportion of Events with Magnitude > m)

Frequency-Magnitude Plot of Shallow Events
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Magnitude-Time Plot of Larger Shallow Events
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Large Clusters of Events

8 2 Point Processes
) History of process is Hy = {(t;, w;, zj,y;) Vi i t; <t}
" 1968/05-06
1984/12-1985/01 (t;,wi, z;,y;) is time, magnitude, longitude, latitude of event i
< 1993/08
1994/06 .
1994/12 Conditional intensity is
" 1ooe/0 At M) = i L BN (2 ) > 0| Hy}
_ W, T, Y t) = m — Fr , W, T,Y) > t
1997/02-03 7,(,En—0 TCEN e
< 2001,/08-12
' 2003/08-12
2009/07 where NTCEn(t,w,m,y) is number of events in
e 2010/09
[t,t+7) x [w,w+ ) x [z, 2+ &) x [y,y +n)
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Out of the 8954 events in dataset (552 months), there are 3565 events in these 22 months

i.e. 40% of events in 4.2% of time

Marked Point Process 3 Form of ETAS Models
Satisfies
)\(t, w,x,y ‘ Ht) = >\g(t | Ht)f('u), x, y) A(t7 w,x,Y | Ht) = },L(t, w,x,Yy | Ht) + g(ta w,x,Y | Ht)
where A\¢(t|H;) is the ground intensity function where
and f(w,z,y) is the mark density function et w,z,y| He) = Z &:(t) gi(w, z,y)
it <t
ikeli i i & t—1t;\ P
Log Likelihood Function of Marked Point Process &(t) = Ae(Wi=®) (1 +7Z)
Space over which function is maximised is T x W x X x Y ¢
Let Z={i: (t;,w;,xjy;) €T XWX X XV} w(t,w,z,y| He) is a conditional intensity function describing the
“background” events
logL = Z log A(ti, wi, i, yi | He,) — -/T/W /y /X At w, z,y | He) dw dy dz dt gi(w, z,y) is a spatial-magnitude mark distribution of the offspring
el associated with the ith event
= %'09 Ag(ti | He;) — /TA!](”HI‘/) dt /W/y'/xf(w,w,y) dw dz dy & (t) can be thought of as a ground intensity function describing
! temporal behaviour of the aftershock sequence associated with the ith

+ > log f(wj, i, yi)

el event




Expected Aftershocks

Expected number of “direct” aftershocks associated with ith event
(not restricting count to observation region) exists if p > 1:

/:0 /j:o /70; /;o&‘(t) gi(w,z,y) dwdz dydt = /t-oogi(t) dt

(3

- ea(wifﬁ)

where

K is the expected number of ‘“direct” aftershocks (i.e. direct offspring)
of an event with magnitude w

Independence Conditions

At w,z,y | He) = plt,w, o,y | He) + > &) gi(w, z,9)
it <t

M(ta w,x,Yy | Ht) = Mg(t | Ht) .f(wa .CC,y)

fw,z,y) = f(z,y) f(w)

gi(w,z,y) = gi(x,y) glw) Vi

Generally assumed that f(w) = g(w)

Uniform Spatial Density of ‘Immigrants’

M(ta w,x,Yy | Ht) = Mg(t | Ht) f(mv y) f(w)

pg(t|He) = p

where p is the constant daily event rate in X x Y

f(x,y) is a uniform distribution such that

/))/Xf(:v,y)dwdy =1

Bivariate Normal Spatial Density of Aftershocks

g;(z,y) is bivariate normal

z —x;)?

*QC@‘Q +

(y — yi)2>

1 (
g9i(z,y) = 22 exp < a0

or approximately isotropic

gi(z,y) = cos(y:) exp < (z — ;)2 (y — yi)2>

2m(2 —2¢?/cos?(y;)  —2¢?

where ¢; = §eP(wi—w)

Further

(x,y)dxd 1
/)}/ng(w y) dxdy <




Movie of Conditional Intensity

4 Initial Basic Model Say we sample A(t,z,y|H;) at regular time points, say, 20 day intervals

Model Characteristics: A larger event occurring just after the sampling time may have its

associated Omori function considerably reduced by the next sampling

e Uniform spatial density for immigrant process point

Such an event would not be well represented, Problem!
e Isotropic spatial density for aftershocks
Hence, divide into small space-time windows of 20 days & 0.2° x 0.2°

e Boundary (space-time) correction

(likelihood & observation regions marked on epicentral plot of shallow events) For each space-time cell, calculate [ [ [ A(t,z,y|H;) dzdydt
(expected number of events in each cell)

This is referred to as ‘Model 4’ For each time interval, plot spatial expectations (into a jpeg file)

Bind jpeg’'s to be played at about 5 frames per second

Simulated Catalogue Using Model 4

Termination of Aftershock Sequences

1000

If p < 1 the expected number of direct aftershocks does not exist
i.e. aftershock sequences do not terminate!
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Movie of the conditional intensity function using Model 4 and real
data looks quite good
Model is not as good as it looks!

Number of Events

See movie of conditional intensity function using Model 4 and
simulated data

Note: increasing seismicity over time and uniform distribution of
immigrant (mainshocks or ancestor) events
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5 Simple Background Spatial Distribution

Decluster NZ catalogue between 1965 and 2010
Count binned events in cells of 0.25° x 0.25°
Density in each cell is assumed constant
Discontinuous at cell boundaries

Scale so that integral over (164°E, 182°E) x (35°S, 48°S) is one

Epicentres of Declustered Catalogue
3631 Events > M4
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Background Spatial Mark Distribution
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6 Models with Smooth Spatial Background

Place an isotropic bivariate Gaussian kernel at each of the N event
locations (z;,v;); ¢ =1,---,N; in the declustered catalogue

Background spatial density is

N
Fayio) = 3 exo | [ - w)? o) + (- u?]}

2
7 =1 20

Ay is determined such that

/y/Xf(w,y) drdy =1

where

X x Y = (164°E, 182°E) x (35°S, 48°S)

o is effectively a smoothing parameter
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Effect of Smoothing Background Spatial Density

Referred to as ‘Model 6’
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(same boundary correction as in ‘Model 4")
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7 Goodness of Fit

Following analyses are on ‘Model 6' with ¢ = 0.2 and ¢ = 0.0083

Residual Process

L
= N(t, 2, y, M | Hy) M dz dy dt
i /O ./y/x./m (t,z,y, M [Hy) xdy

If the events have been generated by the assumed model, then
{r;:1=1,2,---} represents event times of a Poisson process with rate
one
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Examples of Large Sequences

Max
Event Sequence Start Time X1 X2 Yl Y2 Mag N E[N] NI/E[N]
Hawks Crag Westport 1991-01-28 12:58:48 171.3 1720 -423 -41.6 6.3 16  24.01 0.67
Dusky Sound 2009-07-15 09:22:29 1655 167.4 -46.7 -44.8 7.8 317 302.08 1.05
Milford Sound 1976-05-04 13:56:29 167.0 168.0 -45.0 -44.3 6.6 28 2511 1.12
Darfield 2010-09-03 16:35:41 1715 173.3 -44.0 -43.0 71 134 9782 1.37
Puysegur Bank 1979-10-12 10:25:22 165.5 167.0 -475 -45.8 6.5 66  44.99 1.47
Arthurs Pass 1994-06-18  03:25:15 171.0 1718 -434 -426 6.7 99  67.39 1.47
Weber Il 1990-05-13  04:23:10 176.0 176.8 -40.6 -40.1 6.2 29 1938 1.50
Fiordland 2003-08-21 12:12:50 166.3 167.6 -459 -44.7 7.0 277 183.37 151
Edgebumbe 1987-03-02  01:42:35 176.5 1772 -383 -37.5 6.1 45  29.13 154
Offshore East Cape 1995-02-05 22:51:02 178.0 1805 -385 -37.0 7.0 851 526.87 1.62
Inangahua 1968-05-23 17:24:17 171.4 1725 -424 -41.2 6.7 179 108.13 1.66
Seoretary Island 1993-08-10 00:51:52 166.3 167.4 -45.7 -449 6.7 195 108.58 1.80
Bay of Plenty 1994-12-15 11:20:20 176.8 178.0 -37.8 -36.6 6.0 111 59.67 1.86
Bay of Plenty 1984-12-28 00:00:00 176.7 178.2 -37.7 -36.0 6.3 576 307.14 1.88
Bay of Plenty 1997-02-27  00:00:.00 177.0 180.0 -37.8 -355 5.6 204 102.81 1.98

Where Are the Other “Expected” Events?

Tasman Sea: (164°E,170°E) x (35°S,42°S), 1975-2010
N=1, E[N]=1.36

In areas with active seismicity with no significant aftershock sequences

Consider Central NZ: (172°E, 177°E) x (40°S, 42.5°S)
M > 4, depth < 40km:

Year N E[N]
2006 20 25.23
2007 15 22.04
2008 14 24.26
2009 11 21.21
2010 19 26.75

8 Summary of Model Deficiencies

Under fitting major mainshock-aftershock sequences
Over fitting in space-time regions of ‘normal’ seismicity

Boundary problem in time, space (including depth), and magnitude;
e.g. excludes Gisborne (20 Dec 2007)

Can orientation of g;(z,y) be determined from the main shock (eg.
moment tensors)

Spatial variation of p related to crustal properties
Magnitude being independent of space

Powerlaw tail of ETAS spatial mark distribution

Further analyses and examples can be found at
http://homepages.maxnet.co.nz/davidharte/SSLib

under ‘Examples’




